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ABSTRACT

The paper addresses the construction of composite graph-logical models describing the failure behavior of fault-tolerant
multiprocessor systems. Such models can be used to evaluate system reliability measures through statistical experiments. Directly
constructing a model of a complex system from its operability conditions can be labor-intensive; therefore, the initial problem may be
decomposed into simpler constituents whose models are subsequently combined. The aim of the study is to establish relationships
between the states of constituent two-terminal graphs and the state of the resulting graph under series and parallel composition. Three
mutually exclusive classes are introduced to describe the state of a two-terminal graph: full two-terminal connectivity, separated two-
terminal connectivity, and two-terminal disconnection. These classes are proved to cover all possible states of a two-terminal graph.
Necessary and sufficient conditions are established for the resulting graph to belong to each class under series and parallel
composition of its constituents. The resulting relationships make it possible to determine the state of a composite model from the
states of its constituents and the method of their composition without reanalyzing the internal structure of each graph. Elementary
single-edge graph-logical models are considered, and their suitability as basic constituents for constructing models with more
complex behavior is demonstrated. The results are illustrated by constructing a composite graph-logical model of a fault-tolerant
multiprocessor system that executes a task in stages and has alternative conditions for using processor resources. The model is
formed by series-parallel composition of elementary single-edge models whose edge functions represent the conditions for
completing individual stages. Exhaustive enumeration of the possible state vectors confirmed that connectivity of the resulting graph
conforms to the specified system operability conditions. Future research should develop a formal algorithm for selecting constituent
models and their composition directly from a system description, and should investigate the use of previously constructed multi-edge
models as constituents.
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Relevance. Modern technical systems are characterized by an ever-increasing level of
automation. Assigning some control functions to automated equipment reduces the operator
workload and the volume of routine operations, improves the accuracy and speed of task execution,
and mitigates the effects of the human factor. A key component of such technical systems is the
control system, which receives information from sensors, processes it according to specified
algorithms, and generates control signals for actuators [1], [2]. Microprocessor and computing
technologies are widely used to implement control systems.
Particularly stringent reliability requirements are imposed on critical application systems [3], [4].
Failure of such systems may cause substantial material losses, endanger human life and health,
disrupt critical infrastructure, or lead to adverse environmental consequences. Because a control -
system failure may cause the controlled object as a whole to operate incorrectly, ensuring control -
system reliability and fault tolerance is a central task in the design of critical application systems.
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Control systems subject to enhanced reliability requirements may be implemented using fault-
tolerant multiprocessor systems (FTMSs) [5], [6], [7]. Such systems contain several processors and,
in some cases, dozens or hundreds of them. Owing to redundant computing resources and
reconfiguration mechanisms, they can remain operational after some processors have failed. The
system state may depend not only on the number of failures but also on which particular processors
have failed. Consequently, for the same number of failures, different combinations of failed
processors may either preserve system operability or cause system failure.

An important stage in the design of a fault-tolerant multiprocessor system is the evaluation of
its reliability measures [8], [9], [10]. The resulting estimates make it possible to verify compliance
with the specified requirements, compare alternative structural solutions, and identify components
whose failure has the greatest effect on system operability. For complex and heterogeneous FTMSs,
this task may require considerable computational effort because a large number of possible
combinations of processor states must be considered [11], [12].

The reliability measures of an FTMS may be evaluated using various methods [11], [12], [13],
[14]. One approach is to conduct statistical experiments with a model of the system's failure
behavior. Graph-logical models (GL-models), which combine the properties of undirected graphs
and Boolean functions, may be used for this purpose [15].

A GL-model is based on an undirected graph in which each edge is associated with a Boolean
edge function. The arguments of the edge functions are the components of the system state vector.
Each component represents the state of a particular processor and takes the value 1 if the processor
is operational and 0 if it has failed. For a given state vector, edges whose functions evaluate to zero
are removed from the model graph. Connectivity of the resulting graph corresponds to an
operational system state for the failure configuration under consideration, whereas loss of
connectivity corresponds to transition to a failed state [15].

Given the probabilistic characteristics of processor failures, statistical experiments with a GL -
model make it possible to estimate FTMS reliability measures. A complete analysis of all possible
state vectors requires considering 2" combinations for a system with n processors. As the system
dimension increases, exhaustive enumeration rapidly becomes computationally infeasible. In such
cases, estimation may be performed using a sample of randomly generated state vectors. The
accuracy of the results depends on the sample size, the sampling procedure, and the statistical
estimation methods applied.

Thus, GL-models are one means of representing FTMS failure behavior and may be used to
evaluate reliability measures by means of statistical experiments. For the evaluation to be correct,
the GL-model must accurately represent system operability for every possible processor state
vector.

For a complex FTMS, directly constructing a GL-model that represents all specified operability
conditions may be difficult. One way to simplify the problem is through decomposition: separate,
simpler GL-models are first constructed using known methods and are then combined into a
resulting model. The way in which the graphs of the constituent models are combined may
substantially affect the failure behavior of the resulting model. It is therefore relevant to investigate
different methods of combining GL-models and to establish the relationship between the states of
the individual constituents and the state of the resulting model. Such relationships make it possible
to determine the behavior of a composite GL-model from the states of its constituents and the
method used to combine them, and to justify the structure selected for the resulting model in
accordance with the specified system operability conditions [16].

Research aim. The aim of this study is to establish relationships between the states of the two-
terminal graphs of constituent GL-models and the state of the resulting graph under their series and
parallel composition, and to formulate rules for determining the state of a composite model without
reanalyzing the internal structure of its constituents.

To achieve this aim, the following objectives must be addressed:
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¢ to identify characteristics of the graph state of a constituent GL-model that are sufficient for
subsequent analysis of its composition with other models;

e to investigate how different methods of composing the graphs of constituent models affect
the state of the resulting model;

e to establish the conditions under which the resulting graph is connected or enters one of the
possible disconnected states;

e to formulate rules for determining the state of the resulting model from the states of its
constituents without reanalyzing their internal structure;

e to demonstrate the proposed approach by constructing a GL-model of a complex FTMS.

States of the two-terminal graph of a GL-model. Consider the graph of a GL-model for a
fixed processor state vector x. To simplify the notation, the dependence of the graph on x will
hereafter be omitted, and the graph will be written as G = (V, E), where V is the vertex set and E is
the set of edges retained for the state vector under consideration.

Let two distinct vertices a,b € V be distinguished in the graph and referred to as its terminals,
or terminal vertices. To describe graph composition below, terminal a will be called the left
terminal and terminal b the right terminal. The remaining vertices will be called internal vertices,
and their set will be denoted by V =V \ {a, b}.

Thus, a two-terminal graph can be represented as G = (V U {a, b}, E). The notation u ~ v will
indicate that a path exists between vertices u and v in graph G, whereas u + v will indicate that no
such path exists.

For the subsequent analysis, we introduce three possible states of a two-terminal graph.

Full two-terminal connectivity. A graph has full two-terminal connectivity if its terminals are
connected to each other and every internal vertex is connected to both terminals:

a~bAVVEV:(v~aAv ~Db).

In this case, all vertices of the graph belong to a single connected component. Therefore, for an
undirected graph, full two-terminal connectivity is equivalent to ordinary graph connectivity.

Separated two-terminal connectivity. A graph has separated two-terminal connectivity if its
terminals are not connected to each other but every internal vertex is connected to at least one of
them:

a+rbAVVEV:(v~aVv~Dh).

Because a +~ b, no internal vertex can be connected to both terminals simultaneously.
Otherwise, combining the paths from that vertex to a and to b would produce a path between the
terminals. Therefore, every vertex v € V7 belongs to exactly one of two connected components: the
component containing a or the component containing b.

Thus, in this state the graph consists of exactly two connected components, each containing one
terminal.

Two-terminal disconnection. A graph has two-terminal disconnection if at least one internal
vertex is connected to neither terminal:

JveV:v+aAv + b.

In this case, the graph contains at least one connected component containing neither terminal a
nor terminal b. The number of other components and the connectivity between the terminals may be
arbitrary. In particular, a path may exist between terminals a and b while the graph remains
disconnected because it contains an isolated internal component.

Hereafter, 7, S, and D will denote, respectively, the classes of two-terminal graphs with full
two-terminal connectivity, separated two-terminal connectivity, and two-terminal disconnection.

Proposition. Classes F, §, and D are pairwise disjoint and collectively cover all possible states
of a two-terminal graph.
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Indeed, if graph G does not belong to D, each of its internal vertices is connected to at least one
terminal. If, in addition, a ~ b, every internal vertex belongs to the same connected component as
both terminals. Hence, all graph vertices belong to a single component and G € F.

If a ~ b, the components containing terminals a and b are distinct. Because every internal
vertex is connected to at least one terminal, all internal vertices are distributed between these two
components. Hence, G € S.

Thus, FNS=FND=8SND=0,and G € FUS UD for every two-terminal graph.

Therefore, classes F, §, and D form a complete classification of the states of a two-terminal
graph.

Membership of a graph in class F, §, or D is determined for a particular processor state vector.
Consequently, the graph of the same GL-model may belong to different classes for different state
vectors. Hereafter, this classification will be used to determine the state of the resulting graph from
the states of its constituents and the method used to compose them.

Formalization of the problem of composing two-terminal graphs. Let N>2 GL-models
M1, My, ..., My be given. For a fixed state vector x, model M; corresponds to graph G; = (Vi, Ei),
i=1,2,...,N, in which the values of the edge functions have already been taken into account and
all edges whose functions evaluated to zero have been removed.

In each graph G;, fix two distinct terminal vertices a; and b;, referred to as its left and right
terminals, respectively. Denote the set of internal vertices by ¥V, =V;\ {a;b;}. Thus,
G = (Vu{ay, b}, Ey).

Before composition, assume that the vertex sets of the constituent graphs are pairwise disjoint:
VinV; =9,i#j. According to the classification introduced above, every graph Gi belongs to
exactly one of the classes F, S, or D.

We next consider different ways of composing graphs Gi, G, ..., Gn into a resulting graph G.
The composition is performed by identifying the corresponding terminals of the constituent graphs.
Their internal vertices, edges, and edge functions remain unchanged.

The objective of the subsequent analysis is to establish necessary and sufficient conditions for
the resulting graph to belong to classes F, §, and D, depending on the states of the constituent
graphs and whether they are composed in series or in parallel.

Series composition of graphs. Consider the series composition of two-terminal graphs
Gy, G2, ..., Gy (Fig. 1). In this composition, the right terminal of every graph except the last is
identified with the left terminal of the next graph: bi=aj+1,1=1,2,...,N - 1.

The result is a two-terminal graph G = (I7U{a, b}, E), whose left and right terminals are a = ax
and b = by, respectively.

Gy G Gy

a=a, ¢, =b =aqa cG;=by,=a; cy_1=by_1=ay b = by

~ ~ ~

— e v, e ... — O |

Fig. 1. Scheme of the series composition of two-terminal graphs G, Gz, ..., Gn
Source: compiled by the authors

Let ci denote the vertex formed by identifying terminals bi and aj+1: ci=bi=aj+1,
i=1,2,...,N—1. The set of internal vertices of the resulting graph is then

The edge set of the resulting graph is the union of the edge sets of all constituent graphs:
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N
E = U Ei'
i=1

Theorem 1. A graph G obtained by the series composition of graphs Gi, G, ..., Gy has full
two-terminal connectivity if and only if every constituent graph has full two-terminal connectivity:

GeEF © Vie{l1,2,.. N}:G; €F.

Proof. We first prove sufficiency. Let G; € F,i=1,2, ..., N. In each graph Gi, its terminals a;
and b; and all internal vertices belong to a single connected component. As a result of successively
identifying vertices bi=ai+1, i=1,2, ..., N—1, the connected components of adjacent graphs are
joined. Because this identification is performed for every pair of adjacent graphs, all vertices of the
resulting graph, including its external terminals a and b, belong to a single connected component.
Therefore, G € F.

We prove necessity by contraposition. Suppose there exists an index k € {1,2, ..., N} such that
Gy ¢ F. Because classes F, §, and D form a complete classification of two-terminal graph states,
two cases are possible.

If G, € S, its terminals ax and by belong to different connected components. The part of the
series composition to the left of Gy is attached to it only through ax, whereas the part to its right is
attached only through by. Consequently, composition with the other constituent graphs cannot create
a path bypassing Gk between these components. Thus, the resulting graph is disconnected and
G&F.

If G, € D, it contains a connected component containing neither ax nor bx. Because G is
connected to the other graphs exclusively through its terminals, this component remains isolated
after series composition. The resulting graph is therefore also disconnected and G ¢ F.

Thus, G € F is possible only if G; € F foreveryi=1,2,... ,N. m

Theorem 2. A graph G obtained by series composition has separated two-terminal connectivity
if and only if exactly one constituent graph belongs to class § and all the others belong to class F:

GeS & 3ie{12,..,N:G eS)A(Vje(L2.. N\ {i}:G €F).

Proof. We first prove sufficiency. Suppose that, for some index k € {1,2,...,N}, G, € §, and
that all other constituent graphs belong to F. Because Gy € §, it has exactly two connected
components. Let C, denote the component containing terminal ax, and let C, denote the component
containing terminal by.

All graphs to the left of Gy, if any, belong to F. After series composition, all their vertices join
component Ca. Therefore, this component contains external terminal a = a; of the resulting graph.

Similarly, all graphs to the right of Gk belong to F, and their vertices join component Cp.
Hence, this component contains external terminal b = by.

Because graph Gk contains no path between ax and bk, components C, and C, remain distinct
after series composition. There are no other components because all other constituent graphs belong
to F. Thus, the resulting graph has exactly two connected components, each containing one of its
external terminals. Therefore, G € S.

We now prove necessity. If the condition of the theorem is not satisfied, the following cases are
possible.

Case 1. All constituent graphs belong to F. By Theorem 1, G € F in this case, and therefore
G&Ss.

Case 2. At least one constituent graph G; € D exists. Such a graph contains a connected
component containing neither a; nor b;. Because it is connected to the other graphs only through
these terminals, that component also remains isolated in the resulting graph. It contains neither
external terminal a nor b; therefore, G € D.
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Case 3. In the absence of constituents of class D, at least two constituent graphs belong to S.
Select two consecutive such graphs Gi and Gj, where i <j. Then all graphs Gi+1,Gi+2, ..., Gj_1, if
any, belong to F.

After composition, the right-hand component of graph G;, the intermediate graphs
Gi+1,Gi+2, ..., Gj_1, and the left-hand component of graph G; form a component of the resulting
graph that contains neither external terminal a = a; nor external terminal b =bn. If j=i+ 1, this
component contains at least the common vertex b; = a;j + 1. Therefore, the resulting graph belongs to
class D rather than S.

Thus, the resulting graph belongs to § only when exactly one constituent graph belongs to class
S and all other constituents belongto . m

It follows from Theorems 1 and 2 and the completeness of the classification F, §, D that the
resulting graph has two-terminal disconnection if and only if at least one constituent graph belongs
to D or at least two constituent graphs belong to §:

GeD & @i:6,eD)V(|{j:6 € s} =2).

Parallel composition of graphs. Consider the parallel composition of the two-terminal graphs
Gy, G2, ..., Gn (Fig. 2). In a parallel composition, all left terminals of the constituent graphs are
identified with one another and form the left terminal a of the resulting graph. Similarly, all right
terminals form its right terminal b:

aN=a,

alEaz
= bN:b.

by = b,

Vn

Fig. 2. Scheme of the parallel composition of the two-terminal graphs Gi, Gz, ..., Gn
Source: compiled by the authors
The composition produces the two-terminal graph G = (VU{a,b},E), whose set of internal
vertices is the union of the sets of internal vertices of the constituent graphs:
N

~

V= Vi'

~
1l
Juy

and its edge set is defined as

E,.

Il
.CZ

~
Il
=
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Theorem 3. A graph G obtained by the parallel composition of graphs Gi, Ga, ..., Gy has
separated two-terminal connectivity if and only if every constituent graph has separated two-
terminal connectivity:

GeSe Vie{l2,..,N}:G; €S.

Proof. We first prove sufficiency. Let G; € §,i1=1, 2, ..., N. Each graph G; has exactly two
connected components: one contains its left terminal ai, and the other contains its right terminal b;.
Every internal vertex of the graph belongs to one of these components.

After parallel composition, all components containing the terminals a; merge into a single
component C, containing terminal a. Similarly, the components containing the terminals b; merge
into a component Cy, containing terminal b.

No constituent graph contains a path between its own terminals ai and b;. Before composition,
the sets of internal vertices of the constituent graphs are pairwise disjoint, and after composition
only the terminals a and b are shared. Therefore, any path from a to b would have to contain a path
between the two terminals of at least one constituent graph, which is impossible. Hence, a + b.

Moreover, every internal vertex of the resulting graph belongs to either C, or Cp. Thus, graph G
has exactly two connected components, each containing one of its terminals. Therefore, G € S.

We now prove necessity. Suppose that at least one constituent graph does not belong to S.

If there exists a graph G; € D, it contains a connected component that includes neither a; nor b;.
Since G;i is joined to the other constituent graphs only through its terminals, this component remains
isolated after parallel composition. It contains neither a nor b; therefore, the resulting graph belongs
to D.

If no constituent graph belongs to D, then all constituent graphs belong to F or §. Because not
all constituent graphs belong to §, there exists at least one graph G; € F. This graph contains a path
between a; and bj, which becomes a path between a and b after the terminals are identified. Every
internal vertex of any other constituent graph belonging to F or § is connected to at least one
terminal. Since a — b, all such vertices belong to a single connected component. Therefore, G € F
in this case.

Thus, the resulting graph can belong to § only if all constituent graphs belongto S. m

Theorem 4. A graph G obtained by parallel composition has full two-terminal connectivity if
and only if at least one constituent graph has full two-terminal connectivity and no constituent
graph has two-terminal disconnection:

GeEF e Fief{l2,..N:G eF)A(Vj€e{L2,.., NG € FUS).
Equivalently, the second condition can be written as
Aj € {1,2,..,N}: G; € D.

Proof. We first prove sufficiency. Suppose that at least one constituent graph G; belongs to F
and that all constituent graphs belong to F or S.

Because G; € F, it contains a path between its terminals a; and b;. After parallel composition,
this path becomes a path between the external terminals a and b. Hence, a - b.

In every constituent graph belonging to F or §, each internal vertex is connected to at least one
of its terminals. After the terminals are identified, every internal vertex of the resulting graph is
connected to at least one of a and b. Since a — b, all internal vertices and both terminals belong to a
single connected component. Therefore, G € F.

We now prove necessity. Let G € F.

First, no constituent graph can belong to D. Indeed, if, for some index i, condition G; € D
holds, then G; contains a connected component that includes neither a; nor bi. Because the other
graphs are joined to G; only through its terminals, this component would remain isolated in the
resulting graph. This contradicts the assumption G € F.
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Therefore, Vj € {1,2,...,N}: G; € FUS. In addition, at least one constituent graph must belong
to F. If all constituent graphs belonged to S, then, by Theorem 3, the resulting graph would also
belong to S, contradicting the assumption G € F.

Thus, at least one constituent graph belongs to F, and none belongsto D. m

Theorems 3 and 4, together with the completeness of the classification F, §, D, imply that a
graph obtained by parallel composition has two-terminal disconnection if and only if at least one
constituent graph belongs to D:

GeEDs3Fief{l2..,N}:G, €D.

Elementary single-edge graphs. For the subsequent analysis and synthesis of GL-models, it is
useful to consider the simplest nontrivial two-terminal graph that can serve as the basis of such a
model.

A single-vertex graph does not allow two distinct terminal vertices to be selected and cannot
change its connectivity state. A graph with two or more vertices but no edges remains disconnected
for every state vector. Therefore, the simplest graph whose connectivity can vary with the value of
an edge function consists of two vertices joined by one edge.

Let the initial graph of the model be G = (V, E), V = {a, b}, E = {e}, where a and b are terminal
vertices and e is the edge between them. Since the graph contains no other vertices, its set of
internal vertices is empty: V =V \ {a, b} = 0.

Edge e is associated with the edge function fe(x), whose value determines whether this edge is
retained for a given state vector x. If fe(X) = 1, edge e is retained, and vertices a and b belong to the
same connected component. Therefore, the resulting graph has full two-terminal connectivity:
G EF.

If fe(X) = 0, edge e is removed, and the graph consists of two isolated terminal vertices. In this
case, a +~ b, and there are no internal vertices. Therefore, the graph has separated two-terminal
connectivity: G € S.

Two-terminal disconnection is impossible for this graph because it has no internal vertices and
therefore cannot contain a connected component that includes neither terminal. Hence, G ¢ D for
either value of the edge function.

Such a single-edge GL-model represents a specified Boolean condition through the presence or
absence of a connection between its terminals and can be used as an elementary component in the
synthesis of composite GL-models.

Example. Consider a fault-tolerant multiprocessor system that performs a task in three
consecutive stages. The system comprises 13 processors P1, P, ..., P13, divided into five functional
groups: Py = {Py, P,}, P, = {P3, .}, P3 = {P5, Ps, P,}, Py = {Pg, Py, Pyo}, Ps = {Py1, P12, Pi3}-

Processors within each group are interchangeable. Processors Pg and P11 additionally support a
special interaction mode between the fourth and fifth groups. When both processors are operational,
the third stage can be performed with fewer operational processors.

The first stage can be performed if either of the following conditions holds:

« both processors in group P, and at least one processor in group P, are operational;

 at least one processor in group P; and both processors in group P, are operational.

The second stage requires at least one operational processor in group Ps.

The third stage can be performed if any one of the following three conditions holds:

« at least two processors in group P, and all three processors in group Ps are operational;

« all three processors in group 2, and at least two processors in group Ps are operational;

e processors Pg and P11 are operational, and at least two processors in each of groups 2, and
P are operational.

In the latter case, Ps and P11 count toward the two required processors in their respective
groups.

Let X = (X1, X2, ..., X13), Where x; = 1 if processor P; is operational and x; = 0 if it has failed.
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We construct twelve elementary single-edge GL-models M1, My, ..., M12. The graph of model
M; is denoted by G;, and its single edge function by fi(x).
The edge functions of the models are defined as follows:

fi = x1x; fs = x5V X6V x7; fo = x11%12 V X13(x11 V X12);
fo = %3V xy; fo = XgXxq V x19(xg V Xq); fio = XgX11;

f3= %1V xy; f7 = X11X12%13; fi1 = Xq V Xq0;

fa = X3x45 fs = XgXoX10; fiz = X12 V X13.

Since graph G;j has a single edge,
GiET<:>fi(X):1, GiEcS(:)fi(X):O, Gleﬂ

The model of the first stage is formed by two parallel branches:
Hy = (G102 Gy) |l (G50 Gy),

where o and || denote series and parallel composition of graphs, respectively. The first branch
corresponds to both processors in the first group and at least one processor in the second group
being operational, whereas the second branch corresponds to at least one processor in the first group
and both processors in the second group being operational. Therefore,

HeF o iV fX)fLKx) =1

In this case, the full two-terminal connectivity of one branch precludes the other branch from
belonging to class D. Indeed, f;(x) =1 = f;(x) =1 and f,(x) =1 = f,(x) = 1. Hence, if one
branch belongs to F, the other can belong only to F or S.

The model of the second stage is a single-edge GL-model: H> = Gs. Accordingly,

Hzej:@fs(X)= 1(=)x5Vx6Vx7= 1,

which corresponds to at least one processor in the third group being operational.
The model of the third stage is formed by three parallel branches:

H; = (Gg° G7) Il (Gg o Go) Il (G1g© Gyq © Gyp).

The first branch corresponds to at least two processors in the fourth group and all three
processors in the fifth group being operational. The second branch corresponds to all processors in
the fourth group and at least two processors in the fifth group being operational. The third branch
represents the special mode. Its condition for full two-terminal connectivity is

f10X) f11(X) f12(X) = xgx11(x9 V 210) (12 V x13) = 1.

Thus, the third branch has full connectivity if processors Ps and P11, at least one of processors
Py and P19, and at least one of processors P12 and P13 are operational.
For graph Hs, we obtain

H; € F & fe(x)f;(X)V fg(X)fo(X) V f10(X) f11 X fi.(x) = 1.

The validity of this parallel composition with respect to class D follows from the relations

¥ =1= f,(x) = f1;(x) =1,
X)) =1= fo(x) = f1,(x) =1,
fio®fi1(x) =1= fe(x) =1,
fio®fi2(x) =1= fo(x) = 1.
Therefore, the full two-terminal connectivity of any of the three branches precludes the other
branches from belonging to class D.

Because all three stages of the task must be completed, the resulting GL-model is formed by
composing their models in series:

G:H1°H2°H3.
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Substituting the constituent models gives
G =((Gy°G) I (G3°Gy)) o Hyo((GgoGy) Il (GgoGo) Il (Gyg o Gyq o Gip)).
According to the properties of series composition,
GeEF < (H €eF)AN(H, € F)A(H; € F).

Thus, the full two-terminal connectivity of the resulting graph corresponds exactly to the
conditions under which all three stages of the task can be completed. The GL-model of the system
based on graph G is shown in Fig. 3.

h 2 fo f
s fs fa

3 4 fl f12
! f ’ fu

Fig. 3. GL-model of the system considered in the example
Source: compiled by the authors

For example, for the state vector x() = 1110010110110, the first stage is performed by both
processors in the first group and one processor in the second group, whereas the second stage is
performed by processor Ps. Two processors are operational in each of the fourth and fifth groups,
including Ps and Pii. We have fi(xW) = fo(x®) = f5(xM) = f1o(xD) = f11(xD) = f1o(xD) = 1.
Therefore, H;,H,, H; € F and, consequently, G € F. In this case, the third branch of graph Hs
enables the third stage.

Consider also the state vector x® = 0111100011111. The first stage is performed by processor
P> together with processors Ps and P4, the second stage is performed by processor Ps, and the third
stage is performed by processors Py and Pio together with all processors in the fifth group. In this
case, f3(x®@) = f4(x?) = f5(x?) = fg(x@) = f(x@) = 1. Hence, H;, H,, H; € F and therefore G € F. In
this case, the first branch of graph Hs enables the third stage.

For the vector x(® = 1110010111011, the first stage is performed by processors P1, P2, and Ps,
the second stage is performed by processor Ps, and the third stage is performed by all processors in
the fourth group together with processors P and P1s. Since
f1(x®) = fo(x®) = f5(x@)) = fg(x®) = fo(x®) = 1, we have H,, H,, H; € F and G € F. In this case, the
second branch of graph Hs enables the third stage.

Consider the vector x® =0111100001111. The first two stages can be completed, but only
processor Pio remains operational in the fourth group. For the three branches of graph Hs,
respectively, we have (fs, f7) = (0, 1), (fs, fo) = (0, 1), and (f1o, f11, f12) = (0, 1, 1). Each of these series
branches belongs to class . Therefore, H; € §. Since Hy, H, € F, the resulting graph also belongs
to class S: G € S. The graph thus remains disconnected, which corresponds to an inoperable state of
the system.

Finally, consider the vector x® =0111100001011, which differs from x* by the failure of
processor P11, For the first branch of graph Hs, we have fs(x®) = f;(x®) = 0. Hence, this series
branch belongs to class D. According to the rule for parallel composition, the presence of at least
one constituent of class D implies H; € D and therefore G € D.

Exhaustive enumeration of all 22 = 8192 state vectors confirmed that the connectivity of the
constructed GL-model corresponds to the specified conditions for task completion.

Conclusions. The paper considers an approach to constructing composite GL-models of the
failure behavior of fault-tolerant multiprocessor systems. For two-terminal graphs, the classes of
full two-terminal connectivity, separated two-terminal connectivity, and two-terminal disconnection
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are introduced. Conditions under which the resulting graph belongs to these classes are established
for series and parallel composition of constituent graphs. The resulting relations make it possible to
determine the state of a composite model from the states of its constituents and the way in which
they are composed, without reanalyzing the internal structure of each graph.

The use of elementary single-edge GL-models as constituents for synthesizing models with
more complex behavior is examined. A system with 13 processors is used to demonstrate the
construction of the resulting GL-model by series-parallel composition of twelve single-edge
models. Analysis of representative state vectors and exhaustive enumeration of all 2% =8192
possible states confirmed that the resulting graph is connected if and only if the system can
complete all three stages of the task.

A promising direction for further research is to formalize the transition from a description of
the system and its operability conditions to a set of edge functions and a scheme for composing
them. The paper establishes relations between the states of the constituent and resulting models;
however, it does not propose a formal algorithm for selecting constituent models or their method of
composition. The results provide a basis for developing such an algorithm. It is also advisable to
investigate the use of GL-models constructed by existing methods, rather than only elementary
single-edge models, as constituents.

Conflict of interests: Authors declare that they do not have conflict of interests, in particular financial, personal, copyright or any of
a different nature, which could have influenced the research, as well as the results published in this articles

Financing: Research was carried out without financial support
Accessibility data: All data available in digital or graphic form in the main text manuscript

Using artificial intelligence tools: During preparation manuscript used tool GPT-5.6 Sol of artificial intelligence (Al) for
grammatical and stylistic text checks. All fragments processed by him were checked and edited by the author. Al was not used to
generate text, formulas, and tables, formation scientific provisions, receipt results or formulation conclusions. Scientific the
provisions, results and conclusions are my own, intellectual by the contribution of the authors

REFERENCES

1. Kotov, D. O. “A generalized model of an adaptive information-control system of a car with
multi-sensor channels of information interaction”. Applied Aspects of Information Technology.
2022; 5 (1): 25-34. DOL: https://doi.org/10.15276/aait.05.2022.2.

2. Nazarova, O. S., Osadchyy, V. V. & Rudim, B. Y. “Computer simulation of the
microprocessor liquid level automatic control system”. Applied Aspects of Information Technology.
2023; 6 (2): 163—174. DOI: https://doi.org/10.15276/aait.06.2023.12.

3. Kovalev, I. S., Drozd, O. V., Rucinski, A., Drozd, M. O., Antoniuk, V. V. & Sulima Y. Y.
“Development of computer system components in critical applications: Problems, their origins and
solutions”. Herald of Advanced Information Technology. 2020; 3 (4): 252-262.
DOI: https://doi.org/10.15276/hait.04.2020.4.

4. Antoniuk, V. V., Drozd, M. O. & Drozd, O. B. “Power-oriented checkability and monitoring
of the current consumption in FPGA projects of the critical applications”. Applied Aspects of
Information Technology. 2019; 2 (2): 105—-114. DOI: https://doi.org/10.15276/aait.02.2019.2.

5. Joshi, H. & Sinha, N. K. “Adaptive fault tolerant control design for stratospheric airship with
actuator faults”. IFAC-PapersOnLine. 2022; 55 (1): 819-825. DOI: https://doi.org/
10.1016/j.ifacol.2022.04.134. https://www.scopus.com/pages/publications/85132157930

6. Abbaspour, A., Mokhtari, S., Sargolzaei, A. & Yen, K. K. “A survey on active fault-tolerant
control  systems”.  Electronics. 2020; 9 (9): 1-23, https://www.scopus.com/pages/
publications/85090902832. DOI: https://doi.org/10.3390/electronics9091513.

7. Nedeljkovic, J. N., Dosic, S. M. & Nikolic, G. S. “A survey of hardware fault tolerance
techniques”. 2023 58th International Scientific Conference on Information, Communication and
Energy Systems and Technologies, ICEST 2023 - Proceedings. 2023. p. 223-226,
https://www.scopus.com/pages/publications/85167870342.

ISSN 2522-1523 (Online) Engineering, automation, and computer-integrated systems 1079



Romankevich V. A., Morozov K. V., Romankevich A. M., Halytsky D. V., Zacharioudakis L.
[ Informatics. Culture. Technology 2026; Vol. 3 No. 2 (4): 1069-1082

DOI: https://doi.org/10.1109/ICEST58410.2023.10187275.

8. Dong, H., Xie, H. & Xu, H. “Reliability evaluation of motor controllers based on FMEA and
DFTA”. Hangkong Dongli Xuebao/Journal of Aerospace Power. 2025; 40 (9): 20230656,
https://www.scopus.com/pages/publications/105011205376.

DOI: https://doi.org/10.13224/j.cnki.jasp.20230656.

9. Jianu, M., Daus, L., Dragoi, V. F. & Beiu, V. “Reliability polynomials of consecutive-k-out-
of-n:F  systems have unbounded roots”.  Networks. 2023; 82 (3): 222-228,
https://www.scopus.com/pages/publications/85163222383. DOI: https://doi.org/10.1002/net.22168.

10. Dong, H., Xie, H. & Xu, H. “Reliability evaluation of motor controllers based on FMEA
and DFTA”. Hangkong Dongli Xuebao/Journal of Aerospace Power. 2025; 40 (9): 20230656,
https://www.scopus.com/pages/publications/105011205376.

DOI: https://doi.org/10.13224/j.cnki.jasp.20230656,

11. Yin, J. & Cui, L. “Reliability for consecutive-k-out-of-n:F systems with shared components
between adjacent subsystems”. Reliability Engineering & System Safety. 2021; 210: 107532,
https://www.scopus.com/pages/publications/85100736521.

DOI: https://doi.org/10.1016/j.ress.2021.107532.

12. Nashwan, I. “Reliability and failure probability functions of the m-Consecutive-k-out-of-n:
F linear and circular systems”. Baghdad Science Journal. 2021; 18 (2): 430,
https://www.scopus.com/pages/publications/85100161580.

DOI: https://doi.org/10.21123/bsj.2021.18.2.0430.

13.Yin, J., Cui, L. & Balakrishnan N. “Reliability of consecutive-(k,l)-out-of-n: F systems with
shared components under non-homogeneous Markov dependence”. Reliability Engineering &
System Safety. 2022; 224: 108549, https://www.scopus.com/pages/publications/85129557917.
DOI: https://doi.org/10.1016/j.ress.2022.108549.

14. Nakamura, T., Yamamoto, H. & Akiba, T. “Reliability of a toroidal connected-(r,s)-out-of-
(m,n):F lattice system”. Proceedings of the Institution of Mechanical Engineers, Part O: Journal of
Risk and Reliability. 2022; 236 (2): 329-338,
https://www.scopus.com/pages/publications/85077453315.

DOI: https://doi.org/10.1177/1748006X19893533.

15. Romankevich, A., Feseniuk, A., Maidaniuk, I. & Romankevich, V. “Fault-tolerant
multiprocessor systems reliability estimation using statistical experiments with GL-models”.
Advances in Intelligent ~ Systems  and Computing. 2019; 754: 186-193,
https://www.scopus.com/pages/publications/85047465084.

DOI: https://doi.org/10.1007/978-3-319-91008-6_19.

16. Romankevich, V. A. Morozov, K. V., Romankevich, A. M., Morozova, A. V. &
Zacharioudakis, L. “On the method of building of non-basic GL-models which are formed on
combination of edge functions of basic models”. Applied Aspects of Information Technology. 2024;
7 (2): 175-188. DOI: https://doi.org/10.15276/aait.07.2024.13.

Received 26.08.2026
Received after revision 28.09.2026
Accepted 07.10.2026

DOI: https://doi.org/10.15276/ict.03.2026.01
YJIK 004.05

IHocainoBHO-IapaselbHa KOMIIO3ULIA rpado-JI0riYHuX MoaeIel
BIIMOBOCTINIKHX 0araTonpouecoOpHux CUCTeM

PomankeBuy Bitauiii Oaekciiiopuu?
ORCID: https://orcid.org/0000-0003-4696-5935; zavkaf@scs.kpi.ua. Scopus Author ID: 57193263058

1080 Engineering, automation, and computer-integrated systems ISSN 2522-1523 (Online)



Romankevich V. A., Morozov K. V., Romankevich A. M., Halytsky D. V., Zacharioudakis L.
[ Informatics. Culture. Technology 2026; Vol. 3 No. 2 (4): 1069-1082

Mopo3os Kocrsintun B’sueciaBopuy?)
ORCID: https://orcid.org/0000-0003-0978-6292; mcng@ukr.net. Scopus Author ID: 57222509251

PomankeBuu Ouexciii Muxaiiiopuu?)
ORCID: https://orcid.org/0000-0001-5634-8469; romankev@scs.kpi.ua. Scopus Author ID: 6602114176

lanuubknii Janiin BoaoaumupoBuy?

ORCID: https://orcid.org/0009-0004-4421-3443; zipper135401@gmail.com. Scopus Author ID: 58553487600
3axapiynakic Jedrepic?

ORCID: https://orcid.org/0000-0002-9658-3073; l.zacharioudakis@nup.ac.cy. Scopus Author ID: 57422876200

1) HauionansHuii Texniunuii ynisepcurer Ykpainn «Kuiscbkuii nositexniunuii inctutyT imeni Irops Cikopcbkoroy,
np. [lepemorn, 37. Kuis, 03056, Ykpaina

2 yuisepcurer Heanomic IMagoc, Janaic Asento, 2 ITadoc, 8042, Kinp

AHOTALIS

VYV poGoti po3risiHyTo MOOYAOBY CKiIaJeHHX Ipado-IOTiuHMX MOJeNel MOBEMIHKHM BiIMOBOCTIMKHX 0araTOIpOLECOPHUX
cucteM y notowi BimMoB. Taki Mozeni MOXyTbh BHKOPHCTOBYBATHCS IJIsi OLIHIOBAHHS MOKAa3HHWKIB HAAIMHOCTI CHCTEM LUIIXOM
HPOBEJECHHS CTATUCTUYHHUX eKcrepuMeHTiB. [To0yjoBa Mozenell CKIalHuX CUCTeM 0e3M0cepeiHbo 32 YMOBaMH iX poOOTO31aTHOCTI
MOXe OyTH TPYIOMICTKOIO, TOMY IOUUIBHUM € MOJUI MOYaTKOBOI 3ajadi Ha MPOCTINI CKIAMOBI 3 MOJAIBIIAM IIOE€THAHHIM
noOynoBaHMX Ul HUX MoJjerneil. MeToro MOCTIIKEeHHS € BCTAaHOBJICHHS 3aJEXHOCTEH MK CTaHaMM CKJIAJOBUX IBOIOJIIOCHUX
rpadiB i CTAaHOM pe3yJbTYIOYOTO rpada 3a iX MOCHiZOBHOTO Ta MapanelbHOro 3’€IHaHHA. J[s OMUCY MOBEMIHKH IBOIOJIOCHOTO
rpada BBEICHO TPH B3a€MOBHUKIIFOUYHI KJIaCH: TIOBHOT ABOTIOJIFOCHOT 3B’ I3HOCTI, PO3/AiIEHO T IBOMOIOCHOT 3B I3HOCTI Ta ABOTIOIIOCHO T
He3B’s13HOCTI. JIoBeIeHO, MO IIi KJIACH OXOIUTIOIOTH YCi MOJKIIUBI CTaHU JABOIOJIOCHOTO Tpada. BeTaHOBIEHO HEOOXIiMHI i TOCTAaTHI
YMOBH HAIEKHOCTI pe3yJbTyI0doro rpada A0 KOKHOTO 3 YBEAEHHX KJIaciB 3a MOCIIJOBHOTO Ta IapajenbHOTo 3’€IHAaHHSA HOTo
cxagoBux. OTpuMaHi 3aJeXXHOCTI JAIOTh 3MOTY BH3HAYaTH CTaH CKJIAJEHOI MOJENi 3a CTaHaMHM ii CKJIAJOBHX 1 crocoboMm ix
3’€qHaHHA 0€3 OBTOPHOTO aHAJTi3y BHYTPIIIHBOT CTPYKTYpH KOKHOTO Tpada. PosrmsaHyTo enemenTapHi oxHopebepHi rpado-moridai
MOJIeJNi Ta MOKa3aHO MOXKJIMBICTH iX BUKOPHCTaHHS K 0a30BHX CKIAIOBHX AJ MOOYIOBH MOJENEH 31 CKIAIHIIIOK MOBEIIHKOIO.
3acTocyBaHHS OTPHUMAHMX pPE3YJBTATIB IPOJEMOHCTPOBAHO Ha TPHKIAAI MOOYNOBH CKIageHoi rpado-jIoridHoi Mojei
BIZIMOBOCTIHKOi 0araTonpouecopHol CHCTEMH 3 IIOCTallHUM BHKOHAHHSAM 3aladi Ta aJbTEepHATHBHIMH YMOBaMH BHKOPHCTAHHS
NPOLECOPHUX pecypciB. Mojenb c(pOpMOBaHO NULIXOM IIOCITIOBHO-TIAPAJIEIFHOTO 3’€IHAHHS EIeMEHTapHHX OJHOpeOepHHX
MoJeneit, pebepHi QyHKILIT SKMX BiTOOpa)kaloTh YMOBH BUKOHAHHS OKpeMHX eTamiB. [loBHUMIA mepedip MOKIMBUX BEKTOPIB CTaHY
MiITBEpANB BIMNOBIOHICTH 3B’S3HOCTI PE3yJbTYIOUOro rpada 3agaHuM yMOBaM poOOTO3MaTHOCTI cUcTeMH. [lepcrnekTHBHUMH
HamnpsiMaMy HOAANBIINX JOCIIPKEHb € PO3p0o0IeHHs (pOpMATEHOTO AITOPUTMY BHOOPY CKIIaZOBHX MOJieNeH i cmoco0y 1X Mo€eTHaHHS
6e3nocepeIHbO 32 OIHMCOM CHCTEMH, a TAaKOX JTOCITIIKEHHS MOMIIMBOCTI BUKOPHCTAHHS SIK CKJIAJJOBHX TOTOBHX OaraTopedepHHX
MoJielieit, moOyI0BaHNX BITOMHMH METOIaMHU.

KiawuoBi ciaoBa: rpado-noridai Moneni; BiIMOBOCTIHKI 0araTompoIeCOpHI CHUCTEMH; IIOBEIiHKAa B TOTOII BiIMOB;
JIBOTIOJTIOCHI rpay; KOMITO3UIIisSE MOJIeNeid; 3B’ I3HICTh rpada; MOCITIOBHE 3’ € JHAHHS; TIapajielibHe 3’ €THaHHs; peOepHi QyHKIIT
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